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Abstract 

Let / : M 2 — > M 2 be a generic polynomial mapping. There are 
constructed quadratic forms whose signatures determine the number 
of positive and negative cusps of /. 

1 Introduction 

Mappings between 2-manifolds are a natural object of study in the 
theory of singularities. Let M, N be smooth surfaces, and let / : M — > 
N be smooth. Whitney [14] proved that critical points of a generic / 
are folds and cusps. 

If M, N are oriented and p is a cusp point, we define jti(p) to be the 
local topological degree of the germ / : (M,p) — > (N, f(p))- 

There are several results concerning relations between the topology 
of M, N and the topology of the critical locus of / (see [7J, [13], Q3]). In 
particular, there are results concerning J2 P A*(p)i where p runs through 
the set of cusp points (see p$J, [H]). Singularities of map germs of 
the plane into the plane were studied in [3], 0], 0) [10] • For a recent 
account of the subject, and other related results, we refer the reader 
to [2], [12]. 
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In this paper we investigate the number of cusps of one-generic 
polynomial mappings. Let / = (/ij/b) : K 2 — ?> R 2 be a polynomial 
mapping. Denote J = , F { = i = 1,2. Let J' be the 

ideal in y] generated by J, Pi, F 2 , and i — 1,2. We shall 

show that / is one-generic if 7' = K[x, y] (see Proposition [2]). 

Let I be the ideal in K[x, y] generated by J, Pi, F2, and let .4 = 
M[x, y]/I. (In the local case, ideals defined by the same three generators 
were introduced and investigated in [3J, 0].) Let ti : R 2 -> R be a 
polynomial. Denote U = {p G R 2 | «(p) > 0}. 

Assume that dimR .A < 00. In Section[4]we construct four quadratic 
forms 0i, . . . , ©4 on A. We shall prove that signatures of these forms 
determine the number of positive and negative cusps in R 2 and in U 
(Theorems [3J These signatures may be computed using computer 
algebra systems. In Section [5] we present examples which were calcu- 
lated with the help of Singular [6]. 

2 Mappings of the plane into the plane 

In this section we present useful facts about mappings of the plane 
into the plane. In particular we show that definitions of fold points 
and cusp points introduced in [5] and in [14] coincide (see Theorem Q]). 
In exposition and notation, we follow closely [5] 

Let M, N be smooth manifolds, and p G M. For smooth mappings 
f,g : M — s- N with f(p) = g(p) — q, we say that / has first order 
contact with g at p if Df(p) = Dg{p) as mapping of T p M — > T q N . By 
J 1 (M, N)fp tq -) we shall denote the set of equivalence classes of mappings 
with f(p) = q having the same first order contact at p. Let 

J 1 (M,N)= |J ^(M.JVOcm). 

(p,q)£M XJV 

An element a G J 1 (M, AT) is called a 1— jet from M to N. 

Denote corank a = min(dim M, dim N) — rank Df(p), Put S r = 
{(T G J 1 (M, N)\ corankcr = r}. According to [5l Theorem 5.4], S r is 
a submanifold of J X (M, N) with codim5 r = r(| dim M - dim7V| + r). 
Given a smooth mapping / : M — > N there is a canonically defined 
mapping j 1 f : M — > J 1 (M, N) . Let S r (f) = {p G M\ corank£>/(p) = 
r} = (j 1 f)- 1 (Sr). 

Definition 1 We say that f : M — > N is one-generic if j 1 f inter- 
sects S r transversely (denoted by j 1 f iti S r ) for all r. 

According to Theorem 4.4], if j 1 / iti S r then either S r (f) = 
or S r (f) is a submanifold of M, with codimS' r (/) = codimSV- 
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Assume that M — N — R 2 . In that case J^R^R 2 ) ~ M 2 x R 2 x 
M(2,2), where M(2,2) = {[a y ] | 1 < i,j < 2} is the set of 2 x 2- 
matrices. 

Let = ana22 — 012021 : J 1 (M 2 ,M 2 ) — > R. It is easy to see that 
So = {(/) + 0}, 5i = {(f> = 0, # ^ 0} and S 2 = {(j) = 0, # = 
0}. In particular </> is locally a submersion at points of Si. Moreover 
(f> o j 1 f = J, where J is the determinant of the Jacobian matrix Df, 
and J- 1 (0) = ^i(/)U5 2 (/). 

Lemma 1 A mapping f : R 2 — > R 2 is one-generic if and only if 
dJ{p) ^ for allpe J _1 (0). If that is the case then S x (/) = J _1 (0). 

Proof. As codimS 2 = 4, then j 1 f rh S 2 if and only if S 2 (f) = 0, i.e. 
Df{p) ^ for p e J _1 (0). By Lemma 4.3], j 1 / rh Si if and only if 
J 1 / = J is locally a submersion at every p £ Si(/), i.e. dJ(p) ^ 
forpeSiCf). 

If / is one-generic, then 5*2 (/) = 0. Hence J _1 (0) = Si(/) and 
dJ(p) ^ forp e J _1 (0)- 

If dJ(p) 7^ for all p e J -1 (0), then Df(p) ^ for all p e R 2 . 
Hence S 2 (/)=0 and j 1 /^ Si. □ 

Take a one-generic mapping / = (fi, f 2 ) ■ R 2 — > R 2 - For p e 
Si(f) one of the following two conditions can occur. 

T p Si(/)+ker£>/(p) = R 2 , (1) 

T p Si(f)=kevDf(p). (2) 

If p £ Si(/) satisfies ([T]), then p is called a fold point. 

Put = (0,0) e R 2 . Notice that the space T p Si{f) is spanned by 
a vector (-§|(p), §j(p)), so we get 

Lemma 2 j4 point pel 2 is a fold point if and only if J(p) = and 



Dfip) 



Mb) 



7^0, 



i.e. p is a regular point o//|si(/)- 

So p £ Si(/) satisfies condition (0) £/ and onfo/ i/ J{p) = and 



0. 



Assume that condition ([2]) holds at p £ Si(/). Take a smooth 
function fc on a neighbourhood U oi p such that fc = on Si (/) fl U 
and dfc(p) ^ 0. (By Lemma[Tl J satisfies both these conditions.) Let £ 
be a nonvanishing vector field along Si (/) such that £ is in the kernel 
of Df at each point of Si(/) n U. Then dfc(£) is a function on Si(/) 
having a zero at p. The order of this zero does not depend on the 
choice of k and £ (see [5J p. 146]), so it equals the order of dJ(£) at p. 
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Definition 2 We say that p is a simple cusp if p is a simple zero of 
dJ(0- 

— > M 2 be given by 



Let F = (F 1 ,F 2 ) 



F 2 



[Df] 



dJ_ 1 

<:)x 



So 



dfidJ 
dx dy 

dhdj 

dx dy 



Fo 



dfidJ_ 
dy dx 

dhdJ 
dy dx 



d(J,fi) 
d(x,y) ' 

d(JJ 2 ) 



d(x,y) ' 

According to Lemma [U p G Si(f) is a fold point if and only if 
F( P ) ? 0. 

Lemma 3 A point p £ Si(f) is a simple cusp if and only if F{p) = 
and 



[DF(p)] 



i.e. ifJ{p) = 0, = 0, F 2 (p) = 0, and either d{ J, Fi)/d(x, y)(p) ^ 

ord(J,F 2 )/d(x,y)(p)^0. 

Proof. Put & = (§|, -H) on S^f). We have dJ(&) - F t . Then 

both dJ{^i){p) = if and only if F(p) = 0. If that is the case then p 
is a simple zero of at least one dJ(^i) if and only if p is a regular point 
of at least one i r i|s 1 (/), i-e. 



'&7di^ <9J dF, 
dx dy dy dx 

The last condition holds if and only if 



(P) ^ o. 



[DF(p)\ 



^0. 



Of course the fields £i, £2 are linearly dependent along £i(/), and at 
least one does not vanish at p. Without loss of generality we may 
assume that ^ 0, so that £2 = S'£i> where s is a smooth function 
on S\(f). In particular, dJ{^ 2 ) — s ■ g?J(£i). A short computation 
shows that 

Df ■ 6=0 on Sx(f), 

so that £1 is in the kernel oiDf along S\{f). Of course, both dJ(^i)(p) = 
if and only if dJ(t;i)(p) = 0, and in this case p is a simple zero of at 
least one dJ(^i) if and only if p is a simple zero of cZJ(£i), i.e. p is a 
simple cusp. □ 
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Recall that J _1 (0) = Si(f) is a smooth 1-manifold, and dJ ^ 
on S\(f). Take p 6 J _1 (0). We can find a smooth parametrization 
ip : (K, 0) — s> (J _1 (0),p). There exists a smooth nowhere zero function 
p such that 



It is easy to check that 

d(/oV) 



(t) = p(t)F(i,(t)), 



(t)=p'(t)F^(t))+P 2 (t)[DF(m)} 



dt 2 

So we get 

Theorem 1 Suppose that f : M 2 — > M 2 is one-generic. Then, 
(i) a point p GM. 2 is a fold if and only if J(p) = and 

d(f oyj) 



dt 



"(0)^0, 



(ii) a point pel 2 is a simple cusp if and only if J(p) = 0. 

d(foib), , , d 2 (foih) / , 

_W_Zi( ) = and V> (0) ± 0, 

i.e. if p is a non-degenerate critical point of /|s 1 (/). 

Theorem 2 ( |14l Theorem 16A], [5, Theorem 2.4]) Apointpis 
a simple cusp if and only if the germ f : (M. 2 ,p) — > (R 2 , f(p)) is differ- 
entiably equivalent to the germ (u, v) i-> (u, uv + v 3 ). 

Denote by /i(p) the local topological degree of the germ / : (R 2 ,p) — > 
(R 2 , f(p)). Hence we have 

Corollary 1 If p is a cusp point of f then /j,(p) = ±1. 



3 Degree at a cusp point 

In this section we shall show how to interpret the sign of detDF(p) at 
a cusp point p. 

Lemma 4 A translation in the domain does not change the determi- 
nant of DF(p). 
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Proof. Take p = (xo,yo) and the translation T(x, y) = (x + x , y + y ). 
The determinant of the Jacobian matrix associated with g = f o T 
equals J oT. With g we can also associate a mapping G the same way 
as in Section 1, i.e. 



G = [Dg] 



d(JoT) 

dy 
d(JoT) 

dx 



Now it is easy to see that G = F o T, so det DG(0) = det DF(p). □ 

A translation in the target obviously does not change det DF(p). From 
now on we shall assume that / : M 2 — > R 2 has a cups point at the origin 
and /(0) = 0. 

Lemma 5 An orthogonal change of coordinates in the target does not 
change the determinant of DF(0). 

Proof. Take an orthogonal isomorphism L(x, y) = (ax — by, bx + ay), 
where a 2 + b 2 = 1. Then is a cusp point of L o /, and the deter- 
minant of the Jacobian matrix associated with this mapping equals 
(a 2 + b 2 )J = J. With g = L o f we can also associate 



G 



G 2 



i>(W) 



.37 1 

dy 

ILL 

dx 



Fi 
F 2 



a 
b 

-b 
a 



[Df] 



F = L o F. 



dJ 1 



dJ_ 

dx 



Now it is easy to see that det DG(0) = det DF(0). 



□ 



Lemma 6 An orthogonal change of coordinates in the domain does 
not change the determinant of DF(0). 

Proof. Take an orthogonal isomorphism R(x, y) = (cx — dy, dx + cy), 
where c 2 + d 2 = 1. Then is a cusp point of foR and the determinant 
of the Jacobian matrix associated with this mapping equals JoR. With 
g = f o R we can also associate 



G 



G 2 



D(foR) 



d(JoB.) 

dy 
d (JoR) 

dx 



= [DfoR] 



c 
d 



FioR 
F 2 oR 



c d 

—d c 

= FoR 



dx 



oR 
oR 



Now it is easy to see that det DG(0) = (c 2 +d 2 ) det DF(0) 



det£>F(0). 

□ 
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Lemma 7 Assume that rankD/(0) = 1, dJ(0) ^ and F(0) = 0. 

Then after an orthogonal change of coordinates in the domain and in 
the target we may have 



dfx 
dx 



(0) 



f <°>=f «»=»• t<°>^ 



dJ_ 

dx 



(0) 



0, g(0)*Q. 



Proof. There exist a, 6, c, d S M such that a 2 
'dh 



1,<? 



1 and 



dx ' <9y 



^2 5^ 
dx ' (9y 



0. 



9 J ,dJ 



dx 



dy 







at the origin. Let us consider two orthogonal isomorphisms: L(x,y) 
(ax — by, bx + ay) and R(x, y) = (cx — dy, dx + cy). Put g = (gi, 52) 
LafaR. Then rankl)g(O) = rankL>/(0) = 1 and 



0. 



(3) 



Let J' denote the determinant of the Jacobian matrix Dg. Of course 
J' = {a 2 + b 2 )(c 2 + d 2 )J o R = J o R, so that dJ'(0) ^ 0. One may 
check that 

^(0)=0,sof (0)^0. (4) 

Then (J') -1 (0) is locally a smooth 1-manifold near 0, and there is (p : 
(R,0) — > (M,0) such that J'(t,(p(t)) = 0. Hence = ±J'(t,<p(t)) = 
+ ^(t, V (tW(t). By O, y/(0) = 0. Because F(0) = 0, 
then is a critical point of both f\Si(f) and g\Si(g). So ^(i)) has 
a critical point at 0. By © 







d 


' 9i(tM*)) ' 




di 


. <&(*,¥>(*)) _ 


|t = 



f&(o) + %(oy(o) 
^(o) + ^(oy(o) 













and so ^-(0) = 0. Because rankD.g(0) = 1, so ^-(0) ^ 0. 

Assume that rank £>/(()) 
nrdinates satisfying I 



□ 



1, dJ(0) ^ and F(0) = 0. Choose 
coordinates satisfying Lemma [7J If that is the case then §^(0) = 



d 2 h 
dxdy 



(0) ± 0. 



Moreover 



9J 

dx 



(0) 



-^(0)0(0), so that 



(5) 



(6) 
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As above there is smooth ip : (M, 0) 
and tp'{0) = 0. Then 



(R, 0) such that J(t, ip(t)) = 



o = ^j(^(*)),« = g(o) + g(oy'(o )l 

and y"(0) = — fjr(0)/^(0). As is a cusp point then, according to 
Theorem [TJ 



j2 r 



di 2 



A(t, ¥>(*)) 
/a (*,¥>(*)) 



It is easy to see that ip(t))\ t=0 = 0, so 

o4/ 1 (t,.( t ))M = g(o)^ (OV"(0) 



(7) 



flVi/^ fdfi,~-d 2 J ,dJ , 



dx 2 

Two non-zero vectors 



^(0)- ^(0)^(0) /£(0 



<9y 9x 2 



<9y 



d 2 


' /!(*,¥>(*)) " 




dt 2 


. /a(f, ¥>(*)) . 


|t=0 



^(o)-^(o)0(o)/g(o) 



«2 = £>/(0) 
point in the same direction if and only if 







[ S(°) . 





!£(0)£(0) 



l(0)fS(0)S(»)-^(»)S(» 



dx 2 <9y 



<9y 9a; 2 



) >0. 



Lemma 8 We have 
(i) detL>F(0) ^ 0, 

(ii) vectors V\ and V2 point in the same (resp. opposite) direction if 
and only if det DF(0) < (resp. detZXF(O) >0). 

Proof. We have 



F=(F 1 ,F 2 ) 

By 

det DF(0) = det 



dfidj 

dx dy 



dj\dJ 
dy dx ' 



dhdj 

dx dy 



dhd£\ 
dy dx J 



0(o)f(o) + f-(o)0(o) 



dxdy 



Ho)% (o) 
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¥(0)1^(0) rS<o)?(o)-#(o,S(o,^ 



9x 2 dy 



dy dx 2 



sgndet DF(0) = sgn 



(d 2 f 2 



dy \ dxdy 



(0) 



9 2 fx, ,dJ , , dfx, ,d 2 J r , 



= (-l)sgn 



9y 



7(0) «5(o) «r(°)- -£(°)7^(° 



9x 2 <9y 



<9y 9x 2 



□ 



Lemma 9 The local topological degree of the germ f : (R 2 ,0) — > 
(R 2 ,0) equals — 1 (resp. +1) if vectors ui,«2 point in the same (resp. 
opposite) direction. 

Proof. By Theorem [2] one may conclude that there exists open neigh- 
bourhoods U, V of the origin in the plane such that 

1- f(U) = V, 

2. the set of regular values of / : U ->• V, i.e. V \ f(Sx(f) n U), 
consists of two connected components Vx , V 2 such that q e Vx if 
and only if f~ 1 (q) n U has one element, and q <E V2 if and only if 
f^ 1 {q) n [/ has three element, 

3. there exists a unit vector w such that for any sequence (g„) C V 2 
with lim<7„ = and g n 7^ we have 

urn - — - = v . 

\q n \ 

Hence, if q lies close to the origin and the scalar product (q, v) is 
negative then q S Vx- 

The curve (t,(p(t)) is a smooth parametrization of Sx{f) near the 
origin. There is e > such that 7(f) = f(t,ip(t)) £ V 2 \ {0} for 
< |t| < e. By Theorem[EJ 



There exists smooth a 
t 2 -a(t). Then 

v = lim 



I, ->• R 2 such that a(0) = «i/2 and 7(i) 



7(*) 



lim 



«(*) 



|7(*)I K*)l 
so that vectors v,v\ point in the same direction 

'dJ_ 

> dx 



Let r,(t) = /(|i(0)i, |f (0)t). Then r?(0) = 0, and 



§(0) = J D/(0) 



i(o) 
S(°) 



= w 2 ^0 
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There exists a smooth function j3 : R, — > R 2 such that /3(0) = v 2 and 
V(t)=t'p(t). 

If vectors v, v 2 point in the same direction then the scalar product 
(r](t),v)= t((3(t),v) is negative for all t < sufficiently close to the 
origin. Then rj(t) £ Vi, so that 77(f) is a regular value and /" 1 (7?(f)) fl 

In this case J(^(0)f, |^(0)f) is negative, hence the local topolog- 
ical degree of the mapping / : (R 2 , 0) — > (R 2 , 0) equals —1. 

If vectors v, v 2 point in the oposite direction then the scalar product 
(77(f), v)= t((3(t),v) is negative for all f > sufficiently close to the 
origin. As before, /"^(f)) n U = (£(0)f, g(0)t). 

In that case J(l^(0)f, ^(0)f) is positive, hence the local topolog- 
ical degree of the mapping / : (R 2 , 0) — > (R 2 , 0) equals +1. □ 

Propositon 1 Assume that p is a cusp point of a mapping f : R 2 — >• 
R 2 . Then det DF(p) ^ 0, and the local topological degree fi(p) of the 
germ f : (R 2 ,p) -> (R 2 ,/(p)) equals sgndet DF(p). 

Proof. A translation, as well as an orthogonal isomorphism, does not 
change the local topological degree. So we may assume that p = f(p) — 

0, and choose coordinates satisfying Lemma [3 The assertion of the 
proposition is a consequence of Lemmas [8] and [9] □ 

4 Polynomial mappings 

This section is devoted to the problem of determining the number of 
cusps of a polynomial mapping / = (/x, /z) : R 2 — > R 2 . Denote by E 
the set of cusp points of /. Let I be the ideal in J£[x, y] generated by 
J, Fx, F 2 . Let I' be the one generated by J, Fi, F 2 , d{J,F\)/d{x,y), 
d(J,F 2 )/d(x,y). 

Propositon 2 If I' = M.[x,y] then f is one-generic and the set of 

critical points of f consists of fold points and cusp points. Moreover, 

5 = { J = 0, Fi = 0, F 2 = 0} is finite. 

Proof. One may observe that I' is contained in the ideal generated by 
J, dJ/dx, dJ/dy. Therefore the last ideal also equals R[x, y], and then 
its set of zeroes is empty. Hence, if J(p) = then either dJ/dx(p) ^ 
or dJ/dy(p) ^ 0. By Lemma Q] / is one-generic. 

Let p be a critical point, so that J(p) = 0. Because the set of zeroes 
of I' is empty, then either Fj(p) ^ or 9(J, Fi)/d(x, y){p) 7^ for some 

1. By Lemma [U if Fi(p) ^ then p is a fold point. 

If both Fi{p) = °> f 2(p) = then some d( J, F)/d(x, y){p) + 0, 
and then p is a cusp point by Lemma [3] Thus S is an algebraic set 
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given by three equations J — 0, F\ — 0, F 2 — 0. On the other hand E 
is always discrete, and then finite. □ 

From now on we shall assume that I' = M.[x, y]. By the previous 
proposition, E equals the set of zeroes of /. Let A denote the R-algebra 
WL[x,y]/I. Assume that dimR„4 < 00. 

For h G A, we denote by T(h) the trace of the M-linear endomor- 
phism A3ai-$-h-a€A. Then T : A — > K is a linear functional. 
Take S 6 M[x, y\. Let O : A — > K be the quadratic form given by 
6(a) = T(S ■ a 2 ). 

According to pQ, [S], the signature er(6) of 6 equals 

ct(9) = ^2 sgn S(p) , where peE, (8) 

and if 8 is non-degenerate then S(p) 7^ for each p £ E. 

Define quadratic forms 6i(a) = T(a 2 ), 9 2 (a) = T(detDF • a 2 ). 

Theorem 3 Suppose that I' = M.[x,y] and dim/j.4 < 00. Then 
(1) #E = C t(6 1 ), 

fmj #{p e E I n(p) > 0} = (a(6i) + a(9 2 ))/2, 
#{p £ E I „(p) < 0} = (a(6i) - a(9 2 ))/2. 

Proof. By Propositions [1] [21 if p is a zero of the ideal / then p G E and 
DF(p)^0. 

Since 9i(a) = T(l ■ a 2 ), by ((U its signature equals X) P ex 1 = 
By ([S]) and Theorem [TJ the signature of 2 equals X^pGS sgnDF(p) = 
SpeE^(p)- Assertion (iii) is now obvious. □ 

Take m £ E[x, y]. Put [/ = {p £ R 2 \ u(p) > 0}. The remainder of this 
section is devoted to the problem of determining the number of cusps in 
U. Define quadratic forms 9 3 (a) = T(u-a 2 ), 9 4 (a) = T(u-det DF-a 2 ). 

Theorem 4 Suppose that I' = K[x, r/] and dim^.4 < 00. // O3 is 

non-degenerate then 

(1) snu-^o) = 0, 

(ii) #{p £ EHC/ I n(p) = +1} = ( ( j(9 1 ) + ( t(9 2 ) + ( 7(93) + ( t(9 4 ))/4, 
(Hi) #{p £ EHC/ I = -1} = ( ( t(9 1 )- ( t(9 2 ) + ( t(93)- ( 7(94))/4. 

Proof. As in the previous proof, det DF(p) ^ at each p £ E. Since 
93 is non-degenerate, by ([8]) u(p) ^ at each p £ E. 
For < i,j < 1 denote 

Oi S = #{p S E I sgndetDF(p) = (-1)\ sgn U (p) = (-1)''}. 
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These numbers satisfy the equations: 

aoo + Oio + a oi + a n = o-(Qi), 

aoo - aw + a i - an = cr(9 2 ), 

aoo + oio - aoi - an = cr(0 3 ), 

aoo - a i0 - a i + an = 17(64). 
Now it is easy to verify that aoo = + ••• + er(04)/4, aio = 

(«7(0i)-o-(e 2 ) + (7(e3)-ff(e 4 ))/4. □ 
5 Examples 

Example. Let / = (/i,/ 2 ) = {xy 2 -x 2 + y 2 + x-y, x-y) : R 2 — > R 2 . 
It is easy to check that 

J = -2xy-y 2 +2x-2y, F 1 = -2xy 2 +2y 3 -Ax 2 -2y 2 -2x+8y, F 2 = 2x+4y. 

Using Singular one may verify that I' = R[x, y\. According to Propo- 
sition [2] the mapping / is one-generic having only folds and cusps as 
critical points. Moreover the set of cusps £ is finite. The algebra 
A = M[x, y]/I is two-dimensional, and has a basis ex = y, e.% = 1. Put 
u = 1 — x 2 — y 2 . The matrices of quadratic forms 1; 82, Q3, O4 are 

" +4 +2 
_ +2 +2 

So the quadratic form 3 is non-degenerate and <j(<di) — 2, (7(82) = 
—2, cr(03) = cr(04) = 0. According to Theorems [3] and 2] the mapping 
/ has two cusps, both of negative sign, one of them lies in U = {u > 0}. 

Example. Put / = (x 2 y 3 — x 2 y + xy 2 — x, x 3 y — x 2 y + y 3 + x — y) : 
R 2 — > R 2 and u = x 2 + y 2 — 1. Using the same method as before 
with the help of Singular, one can check that / is one-generic and 
the dimension of A = R[x, y]/I equals 38. Moreover / has eight cusps, 
six of them are positive and two are negative. All negative and three 
positive ones lie in U = {u > 0}. 

Example. Let / = (I0x 2 y 3 +4x 2 y 2 - 2xy 3 — 6x 2 y + 8xy 2 — 5xy, 5x 4 y + 
10x 4 — y 4 + 5x 2 — 3xy — 9y) and u = x — 1. In this case / is one-generic 
and the dimension of A — M[x,y]/I equals 56. Moreover / has six 
cusps, five of them are positive and one is negative. The negative one 
lies in U — {u > 0}. 
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